In the present work, we consider the dynamics of dark solitons as one mode of a defocusing photorefractive lattice coupled with bright solitons as a second mode of the lattice. Our investigation is motivated by an experiment which illustrates that such coupled states can exist with both components in the first gap of the linear band spectrum. This finding is further extended by the examination of different possibilities from a theoretical perspective, such as symbiotic ones where the bright component is supported by states of the dark component in the first or second gap, or non-symbiotic ones where the bright soliton is also a first-gap state coupled to a first or second gap state of the dark component. While the obtained states are generally unstable, these instabilities typically bear fairly small growth rates which enable their observation for experimentally relevant propagation distances.
I. INTRODUCTION
The examination of the Hamiltonian continuum model with periodic potentials and its discrete analog of lattice dynamical systems has been a topic of increasing popularity over the past few years [1] . This is mainly due to their wide applicability in diverse physical contexts including, but not limited to, the spatial dynamics of optical beams in coupled waveguide arrays [2] , optically-induced photonic lattices in nonlinear optics [3] , temporal evolution of Bose-Einstein condensates (BECs) in optical lattices in soft-condensed matter physics [4] , and the DNA double strand in biophysics [5] .
A principal research theme in this direction is the study of existence and stability of coherent structures in these models and their feasibility in experiments. Several years ago, fabrication of nonlinear optical AlGaAs waveguide arrays [6] provided a first prototype where many initial investigations arose, such as discrete diffraction, Peierls barriers, diffraction management [7] , and gap solitons [8] . So far numerous fundamental investigations have been pursued in waveguide arrays including modulational instability [9] , four-wave-mixing effects arising from the coupling of multiple components [10] , as well as the study of interactions of solitary waves with surfaces [11] . Subsequently, the formation of optically-induced photonic lattices in photorefractive crystals became an ideal platform for the observation of various types of solitonic structures. The theoretical proposal [12] and rapid experimental realization of such (mainly 2D) lattices [13, 14] , enabled the observation of, among others, dipole [15] , necklace [16] , and rotary [17] solitons as well as discrete [18, 19] and gap [20] vortices. Recently, waveguide arrays in lithium niobate (LiNbO 3 ) crystal, which possess a self-defocusing nonlinearity, have found significant applications in the study of modulation instability [21] , beam interactions [22] , dark discrete solitons [23] , bright gap solitons [24] , dark solitons in higher gaps [25] , as well as Rabi oscillations [26] .
Our goal in this work is to consider the case of vector solitons. Although they have been studied both in the focusing case of bright-vector solitons in strontium barium niobate [27] and the defocusing case of bright-gap-vector solitons in LiNbO 3 [28] , much less work has been done in multi-component settings. Instead of mixtures of two solitary waves of the same type as in the above cases, we aim to examine the mixture of a bright with a dark soliton in photorefractive defocusing waveguide arrays. Such dark-bright states were first created in the absence of lattices in photorefractive crystals over a decade ago [29] and their interactions were partially monitored [30] . In the context of BECs such solitary waves were also predicted theoretically [31] , and generalizations thereof were considered as well (such as e.g. the dark-dark-bright or bright-bright-dark spinor variants of [32] ). However, it was only quite recently that such structures were experimentally observed [33] [34] [35] [36] . This has led to a renewed interest in this theme, by addressing the interactions of dark-bright solitons from an integrable theory [37] or numerical [38] perspective, as well as their higher-dimensional generalizations [39] . To the best of our knowledge, there is no earlier investigation of such states in models with a periodic potential except in the context of nonlinear dynamical lattices [40] .
Our motivation, presented in section II stems from an experiment in defocusing LiNbO 3 waveguide arrays where a dark soliton state in the first gap (we will refer to this type of state as "bubble" in what follows) is coupled to a bright soliton in the same gap. We will show that these two waveforms coexist as a solitonic entity. Also, we will present conditions under which such a molecule may break up in its constituents. This, in turn, motivates a more detailed theoretical study of the different types of dark-bright states that can exist in the system. Such coupled states will be identified between either a bubble (in the first gap) or a higher-gap (i.e., the second gap in this case) dark soliton in the one component with either a regular bright soliton or with a bright gap soliton. When a bubble or dark soliton couples to a regular bright one, we refer to these solitons as symbiotic because the bright component can not exist without the supporting dark component (due to the defocusing nature of the nonlinearity). For the coupling with a bright-gap soliton, because both components can persist individually, we refer to these states as non-symbiotic. In section III, we set up the model problem and benchmark it against experimental data by identifying its linear band spectrum. In section IV, the numerical results for the above soliton families will be given.
Finally, in section V we summarize our findings and present conclusions as well as some relevant directions for future study.
II. EXPERIMENTAL MOTIVATION
To experimentally investigate such molecular solitonic states of dark and bright solitons, we used a 1D waveguide array (WA) fabricated on an iron-doped lithium niobate (LiNbO 3 ) substrate by in-diffusion of titanium at high temperature. Arising from the bulk photovoltaic effect, the substrate crystal displays a saturable type of defocusing nonlinearity [41] . The transverse direction z is parallel to the ferroelectric c-axis. The direction of light propagation is along the y-axis. The array investigated in the following experiments consists of 250 channels and has a grating period Λ = 8.5 µm, which is the summation of the channel width of 5 µm and a spacing of 3.5 µm between adjacent channels. One of the end facets of the waveguide array sample is polished to optical quality to allow for direct observation of the out-coupled light from the array with the help of a CCD camera.
In our experimental setup, we employed the prism-coupler scheme, with which we can selectively excite different Bloch modes in any desired band. Furthermore, with this method we can determine accurately the band structure of the waveguide array [42] . The experimental layout is sketched in Fig. 1 . First, the input light with a wavelength of 532 nm from a frequency-doubled Nd:YVO 4 laser is expanded by a beam expander into a plane wave and then split into two separate beams. One beam propagates through a phase mask covering half of the beam along the transverse direction z. As a consequence, the covered half of the input beam experiences an additional π phase shift, thus a dark notch is generated at the center of the intensity profile. Another beam is modulated by an oscillating mirror driven by a function generator. With applied external modulation, this beam is mutually incoherent with respect to the other beam. With the combination of two cylindrical lenses L1 and L2, the beam passing the phase mask is then imaged onto the waveguide. Here the focal lengths of the two lenses are chosen in order to generate an ideal width of the dark notch covering about two channels, which is the input light pattern for the excitation of a dark soliton. The other beam is focused meanwhile by lens L2 with a diameter of roughly 10 µm and serves as the excitation light for the bright soliton. Both beams are coupled into the waveguide array and co-propagate until they reach the end-facet of the sample. With a high resolution CCD camera, in combination with a 20x microscopic objective lens, we can monitor around 25 channels of the intensity distribution on the end-facet. With this setup, it is possible to adjust the input light distribution for both, the bright soliton and the dark soliton separately, for example, the relative locations of the two solitons on the waveguide array as well as different excitation angles for modes originating from different bands.
In the experiment, a bright gap soliton was excited from the first and a dark soliton from the second band (a "bubble" according to our notation above), both at the edge of the Brillouin zone. The centers of both solitons were carefully adjusted to overlap on the At first, a bright soliton was formed at 200 nW per channel, yielding a power ratio to the bright and dark solitons of 4:3. In this case, we observe a robust co-existence of the two components at the output facet, as shown in Fig. 2(c) . However, when we excite the bright soliton at much higher power (400 nW per channel, resulting in a power ratio of 8:3), the propagation constant µ b of the bright component in this scenario is further decreased below the existence threshold (see also the theoretical analysis below), while the propagation constant µ d of the dark component's bubble state remains essentially unaffected. The result of the experiment in this situation is a clear spatial shift of the bubble center by one waveguide channel [ Fig. 3(a) ] due to the coupling with the bright soliton. This shift may be understood as the initial phase of a repulsive interaction of the two constituents, and thus suggests the non-existence (or strong instability) of bubble-bright solitons for these input conditions. After reaching the steady-state for the input power ratio 8:3, we blocked the input beam used for excitation of the bright soliton. Because the nonlinearity in lithium niobate is non-instantaneous, the negative defect formed by the bright beam is still present and is only slowly erased due to the photoconductivity generated by the remaining dark beam. As a consequence, in the µ d -µ b plane (see the left panel in Fig. 6 ) we now move upwards (i.e., µ b increases) on a vertical line, reaching back the existence regime of robust bubble solitary waves. We thus observe a reversible effect, presented in Fig. 3(b) : namely, after the bright soliton is blocked, the dark soliton is restored to its original location. This restoration proves directly the repulsive influence from the dominant bright soliton. When the bright component is switched on again in Fig. 3(c) , once again the strong repulsion between bright and dark components forces the dark soliton to be shifted by one channel. 
III. MODEL SETUP
In what follows, we will consider composite solitons with a dark (or bubble) wave in one component coupled with a bright mode in the second component in the context of TE-TE modes for the geometry of our waveguide array. We start by presenting the underlying model in the full dimensional form with the paraxial approximation, and then we discuss the non-dimensional variant of the model which will be used for our numerical computations.
A. Dynamical equations
The paraxial equations for coupled TE-TE modes of the two beams represented by E d and E b in what follows, are given by:
with ∆n(Z) being the refractive index profile and the propagation direction denoted as the x-direction. One can find "stationary" solutions of this system by defining:
where β d,b are the propagation constants in the X-direction and u(Z) and v(Z) the amplitude profiles of each TE mode, which, in turn, satisfy:
The values used in the experiments are the following ones:
(cf. also the discussion given in section II) where n s is the refractive index of the LiNbO 3 substrate for extraordinary polarized light, λ is the wavelength of the input light, Λ is the period of the waveguide array and ∆n nl is the maximum refractive index change induced by the nonlinearity.
The refractive index profile can be determined by adjusting the experimental Bloch bands showing the change of the effective refractive index ∆n eff ≡ n eff − n s , with n eff = βk 0 and k 0 = k/n s being the transverse wavevector in vacuum. The refractive index is then given by:
with
and ∆n 0 − n s = 27.567 × 10 −4 , ∆n 1 = 8.35 × 10 −4 . Figure 4 shows the correspondence between the experimentally observed Bloch bands [42] and the theoretically computed ones. Clearly, the above set of parameters offers a very good handle on the linear part of the problem.
B. Non-dimensional equations and parameters
The non-dimensional version of the system of Eqs. (1) is given by
while the stationary states are solutions of:
The non-dimensional parameters are related to the experimental ones by the following relations:
FIG. 4: Bloch bands numerically (full lines) and experimentally (circles) determined.
The parameter α has been introduced so that the non-dimensional values are of O(1).
Throughout the calculations, it has been fixed to α = 10. The sign of ν indicates either selffocusing (positive) or self-defocusing (negative). Additionally, the nondimensional distances are given by
The refractive index profile and parameters are given now by
and the change of the effective refractive index is
for each (dark and bright) component.
C. Stability equations
Once stationary solutions of the boundary value problem (with periodic / anti-periodic boundary conditions, depending on the nature of the examined solution) of Eqs. (9) are identified, their linear stability is considered by means of a Bogolyubov-de Gennes analysis.
Namely, small perturbations [of order O(δ), with 0 < δ 1] are introduced in the form
and the ensuing linearized equation are then solved to O(δ), leading to the following eigenvalue problem:
for the eigenfrequency ω and the associated eigenvector (P (z), Q(z), R(z), S(z)) T , where L j , j = 1 . . . 5 are the following operators:
where it has been taken into account that u 0 (z), v 0 (z) ∈ R. Once the stationary solutions are found to be linearly unstable (i.e., Im{ω} = 0), then the dynamical manifestation of the corresponding instabilities is monitored through direct numerical simulations of Eq. (8).
As we will see in the next section, all of the analyzed solutions are unstable, although their growth rates are so small that long propagation distances x are needed in order to observe the emergence of the pertinent instabilities.
IV. NUMERICAL RESULTS
We now present our results for the several types of coherent structures considered in our system in the self-defocusing setting (i.e. ν < 0). All of them are composed of a bright soliton in the 1st band gap. The dark structure can be of two types. It may be a bubble, located in the 1st band gap and arising from the top of the second Bloch band in which case the overall phase shift between the two endpoints of the domain is 0. Alternatively, it may be a (genuine) dark soliton, which emerges from the bottom of the second Bloch band, and, consequently, its propagation constant is found in the second band gap and it bears a phase shift of π between the domain endpoints.
We make one more terminological distinction between the different types of waveforms that can arise. In particular, the emerging bubble/dark-bright structures can either be symbiotic or not. In the first case, the bright soliton is unstaggered and emerges from the top of the first band (zero mode). These modes are called symbiotic because an isolated bright component would not exist in this form for the relevant values of the propagation constant; it necessitates the formation of an effective potential by its dark (or bubble) counterpart in order to co-exist with it. In the second (non-symbiotic) case, the bright soliton is staggered and emerges from the bottom of the first band as a genuine gap soliton that would be sustained in the system even in the absence of the other component.
These two distinctions (dark or bubble waves for the first component, symbiotic or nonsymbiotic ones depending on the nature of the second component) give rise to four possibilities for the ensuing structures dubbed as follows: symbiotic / non-symbiotic bubble-bright soliton (SBBS / NSBBS) and symbiotic / non-symbiotic dark-bright soliton (SDBS / NS-DBS). Among the four, it is the NSBBS that was observed in our experimental motivation in section II. Figure 5 shows prototype examples of the input field profiles for each of these four solutions.
As mentioned above, Fig. 4 shows the position of the Bloch bands which are also relevant for the identification of the nonlinear localized modes that arise in the system. In particular, the first band is located in the interval µ 1d ≡ 0.6755 < µ < 0.6833 ≡ µ 1u [3.00 × 10 −3 < n eff < 3.03 × 10 −3 ], the second one is µ 2d ≡ 0.4614 < µ < 0.5181 ≡ µ 2u [2.05 × 10 −3 < n eff < 2.30 × 10 −3 ] and the third one at µ 3d ≡ 0.1806
Our numerical computations show that, in absence of coupling between the modes, the bright soliton can be identified in the first gap for µ 1d + ν < µ b < µ 1d (i.e. µ b ∈
[0.6192, 0.6755], and ν here as well as below denotes an appropriate shift) whereas bubbletype solutions also exist for µ 2u + ν < µ d < µ 2u (i.e. µ d ∈ [0.4618, 0.5181]) and, in turn, the dark soliton can be identified for lower values of the propagation constant, namely for
. In the case of the two coupled beam components within the waveguide array, the existence interval is narrower. Furthermore, the existence range depends qualitatively on the symbiotic / non-symbiotic character of the soliton. More specifically, the accessible range of µ d , for a given µ b , is always wider for symbiotic solitons than for non-symbiotic ones. Additionally, the existence range of symbiotic solitons is limited from above by µ 1u . Figure 6 depicts the existence range for dark-bright and bubble-bright symbiotic as well as non-symbiotic solitary waves.
We have examined the linear stability of the obtained solutions, finding that the relevant waveforms are generically unstable in the spectral sense. I.e., we have identified an imaginary or complex eigenfrequency associated with the linearization spectrum around these profiles, however the growth rate is typically fairly small ( 10 −3 in non-dimensional units, i.e., 0.05 mm −1 in dimensional units) and always less than 10 −2 in non-dimensional units corresponding to 0.5 mm −1 in dimensional ones. Consequently, instabilities appear at a sufficiently large propagation distance X (inversely proportional to the above growth rate). This repulsive effect between the two components is also evident through the blocking of the bright channel and the restoration of the bubble at the center, while the reintroduction of the interaction between the beams naturally and reversibly reinstates the repulsive bubble mobility effect.
V. CONCLUSIONS AND FUTURE CHALLENGES
In the work presented in this paper, we have considered the case of two-component darkbright type solitary wave states in defocusing photorefractive waveguide arrays. Motivated by experiments in LiNbO 3 arrays, which illustrated a bubble-type soliton state in one component coupled to a bright gap solitary wave in the second one, we delved into a theoretical examination of the different composite states that can emerge in this system. In particular, we revealed the potential for four distinct types of waves, namely non-symbiotic and symbiotic, dark-bright and bubble-bright ones. We numerically revealed (within a model benchmarked against the linear band structure) the persistence boundaries of such solutions.
We also analyzed their linear stablity which exhibits a typically weak instability in all of them (with fairly small growth rates). This instability is so weak that it permits, apparently, the experimental observability of the states. Nevertheless, in suitable regimes even the experimental dynamics manifests the potential break-up of the composite states.
Naturally, this investigation paves the way for numerous additional studies. On the one hand, from an experimental viewpoint it would certainly be interesting to identify the other proposed structures. On the other hand, investigating interactions of such composite structures would also offer relevant insights as was done experimentally e.g. with simpler states in [22] , or as was done numerically in [40] and in different (BEC) dark-bright contexts in [36, 38] . Generalizations of such states in two-dimensional waveguide arrays with the formation of vortex-bright states [39] or of genuinely discrete variants thereof [43] would also be an exciting theme for future investigations.
